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1. Introduction 


The nonlinear steepest descent method introduced in |T2] provides a powerful tech¬ 
nique for determining asymptotics of solutions of nonlinear integrable PDEs. By ap¬ 
propriately deforming the contour of the associated Riemann-Hilbert (RH) problem, 
the long-time behavior of the solution can be determined by adding up the contribu¬ 
tions from the individual critical points. In this way the asymptotics associated with 
the modified KdV |12j . the nonlinear Schrodinger |10j . and several other integrable 
equations posed on the real line have been rigorously established, see mmm- More 
recently, a number of works treating periodic problems [13] as well as initial-boundary 
value problems mm have also appeared. 

In this paper we use the method of nonlinear steepest descent to analyze long-time 
asymptotics for the Degasperis-Procesi (DP) equation 

Ut — Utxx + 3 KU X + 4:UU X — 3 U X U XX — UU XXX = 0, K > 0, (1-1) 


posed in the domain 


D = {(x,f) E M 2 | 0 < x < oo, 0 < t < oo} . 


( 1 . 2 ) 

Our main result (see Theorem 5.1 below) gives an exact formula for the leading order 


asymptotics of u(x, t ) in the similarity region 0 < | < 3 in terms of the initial and 
boundary values. In this region it has the form of slowly decaying oscillations, whereas 
in the complementary region | > 3 it is dominated by solitons, if any, see mm 01 - 
Equation (1.1) was discovered in [7j using methods of asymptotic integrability. A 


Lax pair and a bi-Hamiltonian structure were derived in [Sj. An interesting aspect of 
(1.1) is the existence of peaked solutions [S] as well as weak solutions with a very low 
degree of regularity [5]. The latter class includes a class of discontinuous generalizations 
of the peakons called shock-peakons m- The asymptotic behavior of the solution of 
(1.1) on the line was determined in [3]. In m i;he solution of the initial-boundary 
value problem of (1.1) on the half-line was expressed in terms of the solution of a 


3 x 3-matrix RH problem. 

Compared with most other applications of the nonlinear steepest descent approach, 


the asymptotic analysis of (1.1) presents a number of additional difficulties: 
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(а) The RH problem associated with (1.1) involves 3x3 matrices instead of 2 x 2 
matrices. This implies that the standard uniqueness results for L 2 -RH problems 
(such as Theorem 7.18 of [9] ) do not apply. However, it turns out that in an 
appropriate function space, which we denote by L 3 , uniqueness holds also for 
3 x 3-matrix valued RH problems, see [163. Thus, by developing the nonlinear 
steepest descent approach in the L 3 -setting, rigorous asymptotic formulas can still 
be obtained. 

(б) The t-part of the Lax pair associated with 0 has singularities at the points 

7 rij _ 7 ri _ 

Kj = e~~~& , j = 1,... ,6. In [15] this difficulty was overcome by utilizing two 
different sets of eigenfunctions which were solutions of two different Lax pairs (a 
similar idea was used already in fTJ to recover u(x,t ) for the problem on the line). 
Here we adopt a similar approach; however, in order to obtain a RH problem suit¬ 
able for the asymptotic analysis of (1.1), we use a modification of the RH problem 
in m • The modified problem has the advantage that, after the appropriate con¬ 
tour deformations prompted by the nonlinear steepest descent method have been 
performed, the RH problem involves only one set of eigenfunctions near each of 
the twelve critical points. This leads to a jump matrix near each critical point of 
an appropriate form. 

(c) The Lax pair associated with (1.1) has singularities at the sixth roots of unity 

>Cj = e 3 , j = 1,..., 6. In [U [15] this difficulty was overcome by considering 

a regular RH problem for an associated row vector. Here, rather than trying to 
develop a nonlinear steepest descent approach for row vector RH problems, we 
carry out the steepest descent analysis using a regular 3 x 3-matrix valued solution 
which, in general, is different from the original solution. However, by uniqueness 
for the row vector RH problem, the row vectors associated with these two solutions 
coincide. 


(d) On the half-line, the jump contour for the RH problem associated with (1.1) in¬ 
volves nontransversal intersection points, see Figure [l] This implies that the stan¬ 
dard theory of L P -RH problems does not apply. We circumvent this difficulty by 
employing the theory of L P -RH problems developed in m for general Carleson 
jump contours. 

In Section [2j we give a short review of the RH approach for (1.1) on the half¬ 
line. In Section [3] we formulate a RH problem suitable for determining the long-time 
asymptotics. In Section [4] we prove a nonlinear steepest descent theorem appropriate 
for analyzing the asymptotics in the similarity region. In Section [5j we prove our main 
theorem. 


2. Preliminaries 


We consider initial-boundary value problems for (1.1) for which the initial and 
boundary values 


uo(x) = u(x, 0), x > 0, 


(2.1a) 

g 0 (t) = u{0,t), gi(t) = u x {0,t), g 2 (t) = u xx (0, t), 

satisfy the three conditions 

t > 0, 

(2.1b) 

u 0 (x) - UOxx(x) + n > 0, x > 0, 


(2.2a) 

go(t) - 52(0 + K > 0 , t > 0, 


(2.2b) 

g 0 (t) <0, t> 0. 


(2.2c) 
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The assumptions in (2.2) imply the following positivity condition which is needed for 
the spectral analysis: 


u(x, t ) — u xx (x , t) T k > 0, (x, t) E fl. 


In view of (2.3), we may define q(x,t) by 

1 

q(x, t ) = (u(x, t) — u xx (x , t) + k) 3 , (x, i) E fi. 


(2.3) 


(2.4) 


We next give a short review of the RH approach for (1.1) on the half-line; see m 
for further details. We suppose that belong to the Schwartz class <S(M+) and 

that there exists a unique smooth solution u(x,t ) of (1.1) in Q such that (2.1) and 
(2.2) are satisfied and u(-,t) E <S(M+) for each t > 0. For simplicity, we henceforth 
assume that k = 1. 


2.1. Lax pairs. Equation (1.1) admits the Lax pair Si 

J ip x (x, t, k) = L(x, t, k)i/>(x, t, k), 
| ipt(x, t, k) = Z(x, t, k)i(}(x, t, k), 


(2.5) 


where k E C = C U {oo} is the spectral parameter, ip(x, t,k) is a 3 x 3-matrix valued 
eigenfunction, the 3 x 3-matrix valued functions L and Z are defined by 


0 1 (T 

L(x, t, k) = | 0 0 1 

K \q 3 1 0, 

and A = A (k) is defined by 


Z(x, t, k) = 



l 
A 

—U 
-ll x + 3 ' A/ 


A = 


3\/3 


k + k 3 '' 


Let w = e s . Define {lj }f and {zj}'l by 


(u^k ) 2 + {u 3 k) 


if 3 


k 3 + k~ 3 


k E C. 


Let 


1 1 1 

P(k) = | h(k) h(k) h(k) 

jm q(k) 


k E C, 


( 2 . 6 ) 


(2.7) 


and define {Vj(x,t,k),Vj(x,t,k)} 2 by 


V\=P 



V 2 = p- 1 



Vy=P 


V 2 = p~ l ^r 


l-i + uq 


o 

o 

uq x 

<? 


+ 


q 2 — 1 



P. 
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Let C = diag(7i, l 2 ,h) and Z = diag(zi, z 2 , 23). The eigenfunctions <b and <b introduced 
by 

ip(x, t, k) = P(k)$(x, t, k)e c{ - k)x+z{ - k)t , (2.8a) 

t, k ) = D(x, t)P{k)$(x, t, k ) e ^)y{x,t)+z(k)i^ ( 2 . 8b ) 

where 


r r*(x,t) 

( 0 . 0 ) 

satisfy the Lax pair equations 


0 0 


/ q(x,t) \ 

y(x,t) = / q(x\t') (dx - u(x',t')dt') , D(x,t) = 0 1 0 , (2.9) 

^ 0, °^ ' 0 0 q(x,t)J 


and 


respectively. 


| <b x - [C, <f>] = Vi$, 
\$ t -[Z,$] = V 2 $, 

'& x -[qC,$] = V il*, 
$i-[Z-ug£,$] = V2$, 


( 2 . 10 a) 


( 2 . 10 b) 


2.2. Analytic eigenfunctions. Let 7 ^, j = 1,2,3, denote contours in the (x,t)- 
plane connecting ( Xj,tj ) with (x,t), where (xi,ti) = ( 0 ,oo), (x 2 ,t 2 ) = ( 0 , 0 ), and 
(x' 3 , t-s) = ( 00 , t). The contours can be chosen to consist of straight line segments 
parallel to the x- or t- axis. For a diagonal matrix D, let D denote the operator which 


0 D 


A = e v Ae 


■,-D 


We define solutions 


acts on a matrix A by DA = [D,A\, i.e. 

{<b n (x, t. /c )}{ 8 and {& n (x, t. fc )}{ 8 of the Lax pairs (2.10a) and (2.10b) respectively, by 
the solutions of the integral equations 


(®n)ij{x,t,k) 


5ij+ [ (e £ W x+ *W t W n (x?,l',kj) , 

Sij + [ ( e ^)y{x,t)+z{k)t^V n {x',t’,k)\ , 

J-yV’. ' ' *3 

’ll 


k £E D n , i , j — 1,2,3, 

( 2 . 11 a) 

k G D n , i,j = 1,2,3, 
( 2 . 11 b) 


where the contours 7 L, n = 1 ,..., 18, i, j = 1 , 2 ,3, are given by 


'ill 

Re li{k) < Re lj(k), 

R ezi(k) > R ezj{k) 

72 , 

Relink) < R elj(k), 

Re Zi(k) < R ezj(k) 

,73, 

Re li(k ) > Re lj(k), 



for 


k C D n 


( 2 . 12 ) 


the closed one-forms W n (x,t,k ), W n (x,t,k) are defined by 

W n = e- tx ~ zt (V x dx + F 2 df)T n , = e- ty - zt {V t dx + K 2 dt)$ n , 

and the open sets {D n }\ s are displayed in Figure [I] (precise definitions of the D n 's are 
given in USD- 

7 xij Tci 

Let Kj = e~~~s , j = 1,..., 6, denote the points where A = 0 and let Xj = 

7ri(j —1) . ... I I 

e 3 , j = 1,..., 6, denote the sixth roots of unity, see Figure |2| Away from the sets 

{ 00 ,0} U {xjYl U {kj} and {xj, Kj}\ U {kj}, respectively, and <F n are bounded and 
analytic functions of k E D n with continuous extensions to D n . Here {kj} denotes 
a possibly empty set of singularities at which the Fredholm determinant of integral 
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Figure 1. The sets D n , n = 1,..., 18, which decompose the complex k-plane. 


equations (2.11) vanishes; for simplicity, we henceforth assume that the set {kj} is 
empty (solitonless case). For those n for which the indicated limiting points lie on the 
boundary of the corresponding D n , 


& n (x, t, k) = I + 0(k — Kj) as k — > Kj , k G D n , j = 1,... ,6, 

& n (x, t, k) = I + 0{l/k) as k — > oo, k G D n , 

<& n (x,t,,k) = I + 0{k) as k — > 0, k e D n , 

where I denotes the identity matrix. 

We define spectral functions (SV^A;)}]; 8 and {5 n (fc)}]; 8 by 

S n (k) = $n(0,0, A:), S n (k) = $ n (0,0,k), k € D n . (2-13) 


2.3. Symmetries. Define sectionally analytic functions S*(k) and S*(k) for k £ C 
by setting S*(k) = S n (k) and S*(k) = S n (k ) for k E D n . If F denotes one of the 
3 x 3-matrix valued functions £, Z , M, S*, or S*, then F obeys the symmetries 

F{k) = AFfatyA- 1 , ke C, (2.14a) 

F(k) = BF(l/k)B, k G C, (2.14b) 

F(k) = BF(k)B, k G C, (2.14c) 

where A, B are defined by 


A = 



B = 



(2.15) 
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- 1.5 - 1.0 - 0.5 0.0 0.5 1.0 1.5 


Figure 2. The points Kj = e a 6 ; j = where A = 0, and the points 

Tri(j-l) _ __ _ 1 

>tj = e a ; j = 1,..., 6, where P~ L (k) has poles. 



Figure 3. The sets E n which decompose the complex k-plane. 


3. A Riemann-Hilbert problem 

We use the eigenfunctions <h n and to define a RH problem suitable for analyzing 
the long-time asymptotics. 
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Figure 4. The sets E n for k near K\. 


Choose a small radius r > 0 and let Uj denote the open disk of radius r centered at 
Kj, j = 1,... ,6. Let U = U 6 , =1 Uj and define open sets {E n } 86 by, see Figures and 

m 

E n = D n \U, E n+18 = D n nU, n= 

The eigenfunctions {"L^}} 8 are well-behaved near k = oo and k = 0 while the eigen¬ 
functions {<3? n }( 8 are well-behaved near the Kj' s. We formulate a RH problem relative 
to the contour shown in Figure [ 3 ] (see also Figure [ 4 ]) by using l> n and <f> n for k in E n 
and E n+ i S , respectively. 

Let y = y(x,t ) be the function defined in ( |2.9[ ). The map F : (x,t) i-a (y,t) is a 
bijection from = {x > 0,t > 0} onto F(Q) C M 2 . Thus, for each (y,t) E F( fl), we 
may define a sectionally meromorphic function M(y,t,k ) by 

($ n (x,t,k), k £ E n , 

\P(k)- 1 D(x,t)- 1 P(k)^ n (x,t,k)e^-y + ^ k \ k £ E n+ is, 

where n = 1,..., 18 and the constant uq £ M is defined by 

/» OO 

vq = lim (y — x) = / (g(x, 0) — 1 )dx. 

x^oc J 0 


M(y,t,k) = 


(3.1) 


Let M n denote the restriction of M to E n . The definition ( |3.1[ ) and the relations (2.8) 
imply that M satisfies the jump condition 

M n = k £ E n n E m , 

where 

Jm,n(y,t,k) = e y ^' +t ^(S~ 1 (k)S n (k)), 

Jn,n+i&iy 1 L k) — e y + ' C n ( /c ), n 1 m 1, 

{Jm+ 18 ,n+ 18 (y,t,k) = e yZ+tZ e~^ (S" 1 (k)S n (k)) , 


(3.2) 


18. (3.3) 


The functions {C n (/c)}( 8 are defined as follows. By (2.8) the functions 

if n = DP$ n e yC+tz = DPM n e yC+tz , 

'0n+i8 = P$ n e xC+tZ = DP M n+ i 8 e yC+tz ~ u ° c 


solve the same differential equations (2.5), hence 4> n +i8 = ipnC n (k) with C n (k) in¬ 
dependent of (x,t). Thus, M n . |_i 8 = M n e yZ+tz C n (k) with C n (k ) = C n (k)e l, ° c , and 
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C n (k) = il> n 1 ^ n+ ise llQC satisfies 

C n (k) = e- yC - tz $ n (x, t, k)- 1 P(k)~ 1 D(x, t)- l P(k)§ n (x, t, k)e xC+tz e u ° c . (3.4) 

Proposition 3.1. Let E = U^ =1 E n and let ( y,t ) G F(Q). Except for possible singu¬ 
larities at the points {xj}\, M(y,t,k ) is a bounded and analytic function of k G E. 
Moreover, 

M(x, t, k) = I + 0(1/k) uniformly as k —>• oo, k G C. 

Proof. Since P(k)^ 1 D(x, t)~ 1 P(k) is an analytic function of k G C except for poles 
at the points xy, the result follows immediately from the properties of the functions 
< h?i and ( I>„. □ 


The singularity structure of M n at the xds implies that the function N defined by 


N(y,t,k) = (l,l,l)M(y,t,k), keE, 

is nonsingular at the Xj’s, see mm- Together with Proposition 
this implies that, for each (y,t) G F(Q), 


(3.5) 


3.1 


and Lemma A.3 


N(y, t, •) G (1,1,1) + E 3 (E) n E°°(E), 

where the function spaces E 3 (E) and E°°(E ) are defined in Appendix [a] The following 
result follows. 


Proposition 3.2. For each ( y,t ) G F(Q), the function N(y,t , •) is a row vector solu¬ 
tion of the L 3 -RH problem 

f N(y,t, •) G (1,1,1) + E 3 (E), 

\N n (y,t,k) = N m (y,t,k)J m>n (y,t,k) for a.e. k G E n nE m , n, m = 1, ..., 36. 

(3.6) 


Remark 3.3. Although the RH problem formulated in (3.6) differs from the one used 
in pj, both problems rely on the same idea of using the 4> n ’s near the Kj' s and 
the 4> n ’s near {0,oo}. The RH problem formulated in (3.6) is better adapted for our 
present purposes because it uses only one set of eigenfunctions, namely the <f> n ’s, near 
the three lines M, cuM, and w 2 M. 


3.1. Jump matrix. Define functions {r(k),h(k),r(k),h(k)} by 


r(k) = (5i 8 (fc)- 1 5 7 (A ; ))2i, 
h(k) = (5 6 (fc)- 1 5i 8 (fc)) 21 , 
f{k) = {S l3 {k)~ l S 12 {k)) 21 , 
h(k) = (5 4 (fc)- 1 5i 3 ( k)) 2 i, 


k G Ej n E\s, 
k G E$ n E 18 , 
k G E\2 PI T?i 3 , 
k G E 4 n E 13 . 


Proceeding as in Section 5 of m we can express the matrices {Sn}} 8 in terms of the 
entries of only two 3 x 3-matrix valued functions S(k) and s(k) (see Proposition 5.1 in 
M)- In terms of these entries we have 


r(k ) 
h{k) 


siimi 2 (S) - s 2 im 22 ( 5 ) + s 3 im 32 (ff) 
s 12 m 12 (S) - s 22 m 22 (S) + s 32 m 32 ( 5 ) ’ 

—m 33 (g)mi 2 (5) + mi 3 (s)m 32 (5) 
S22{s\2mi2{S) - s 22 m 22 (S) + s 32 m 32 (,S) ’ 
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where nriij{s) and rriij(S) denote the (zj)th minors of the matrices s(k) and S(k) 
respectively. Simplification shows that the sum r + h has an analytic continuation to 
E\ n Eq which satisfies 

r(k) + h(k ) = = (S 6 (k)~ 1 Si(k)) 2 i, keE ifl £ 6 . 

S22(k) 

Similarly, the sum f + h has an analytic continuation to £3 n £ 4 which satishes 


r(k) + h(k) = = (S 4 (AT'SsWK 

m n {s(k)) 


k E £3 PI £4. 


In summary, the approach of Section 5 of m shows that with the contour oriented as 
in Figure [ 3 ] the jump matrix for the RH problem (3.6) is given for k near M by 


J = 


J&a = 


^ 1 — (r{k) + h(k))e ^ 

(r(k) + h(k))e t ® 1 — \r(k) 4 - h(k)\ 2 
\ 0 0 
^ 1 —r(A:)e _t$ o\ 

r(k)e t ' s> 1 — \r(k )\ 2 0 , 



— ( f(k ) + h(k))e 
1 — | f(k) + h(k) | 2 


-t<$> 


<£ 3,12 — 

<^ 3,12 = 


( 1 - r(k)e 0 N 


f{k)e tq> 1 — \f(k )\ 2 0 | , 

V J>_ 

(l h(k)e O' 


0 1 0 

\0 0 1 , 

/ 1 0 0 N 

1 0 

V 0 0 \ 

where = <$(£, k) with £ = y/t and 




k E £1 n E&, 


k E £7 n £i 8 , 


k E £1 PI £7, 


k € Eq (1 £i 8 , 


k E £3 n £4, 


fc e £12 n £13, 


fc e £3 n £12, 


& e £4 n £13. 


(3.7) 


$(C, *) = (fc(fc) - h(k ))C + (22(fc) - *i(A;)). 


(3.8) 


The matrices £. 2 , £,6 and £, 2 , < 74,5 are missing in (3.7) because they can be recovered 
by symmetries from £,4 and Ji^, respectively. From ( |2. 14b ) and (2.14c), we infer that 
r(k _1 ) = r(k) and h(k ^ 1 ) = h(k). In particular, |r( 7 ’ _1 )| = |r(fc)| for k E £7 n £i§. 
The functions f and h satisfy similar symmetries. 
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In a similar way we find that the jump matrix J for k near K\ is given by 



A fi(k) o\ 

Ji9,25 = e yt+tz 

0 1 0 


0 V 


A o 0 \ 

Ji9,26 = e yt+tz 

0 1 f 2 (k)\ 


\0 0 1 J 


k G Eig PI £-25) 


k G E 19 n E 26 , 


(3.9) 


where the functions f\ and are bounded and continuous on the given subcontours. 

We finally need the form of the jump matrix J for k on the circles where the E n ’s 
and £ n+ i 8 ’s meet. 


Lemma 3.4. With the contour oriented as in Figure [3J we have 


J = 


J1.19 = e yC+tz 

0 

1 9 :i(k) 

, k 

G 

Ei 

n £19, 



0 1 J 






A 

0 g 4 (k)\ 





J7, 25 = e yt+tz 

0 

1 95 (k) , 

k 

G 

e 7 

n £25, 



0 1 J 






A 

9 e(k) 97 (k)\ 





Js, 26 = e yZ+tz 

0 

i 0 

, k 

G 

Es 

n £26, 


(3.10) 


\0 0 1 

where the functions {gj{k)}\ are bounded and continuous on the given subcontours. 
Proof. In view of (|3.3l), it is enough to show that 


'1 * *\ _ (l 0 

C\{k) = ( 0 1 * J , k G Di\ Cj(k) = ( 0 1 * ) , k G £ 7 , 
.0 0 1 / \0 0 1 , 


'1 * * N 
C 8 (k) =(010 
.0 0 1, 


k G D 8 , 


(3.11) 


where * denotes an entry which is bounded and continuous except for possible singu¬ 
larities at the points >Cj, Kj , 0, and 00 . For n = 1,7,8, the matrices ( 7 n )ij = 7 ”- are 


given by (see ( 2 . 12 )) 


,1 


73 72 72 

7" = 1 73 73 72 

,73 73 73y 


J 


73 71 72 

7' = | 73 73 72 
,73 73 73, 


' 73 72 72 
7“ = | 73 73 7i 
k73 73 73, 


Hence evaluation of (3.4) as (y,t) -A ( 00 , 0) yields 

-1 


C n (k) = lim e 

y—>00 




k G D n , 


for n = 1, 7, 8 . Moreover, thanks to the assumed decay of the Dirichlet and Neumann 
values as t —> 00 , the functions <h n and 4> n are bounded as (y,t) -A ( 0 ,oo) for each 
k G D n . Consequently, using that Re ^2 < Re 27 < Re z 8 in D-? and Re 27 < Re ^3 < 
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Re 22 in Dg , evaluation of ( 3 . 4 ) as (y,t) —> ( 0 , oo) yields (Cr(k)) 12 = 0 for k e Dj and 
(Cg(k ))23 = 0 for k € Dg. This proves ( | 3 . 11 ). □ 


4. A NONLINEAR STEEPEST DESCENT THEOREM 
We prove a nonlinear steepest descent theorem suitable for determining the asymp¬ 


totics of (1.1) in the similarity region. 

For r > 0 , let X r = X\ U • • • U X\ denote the cross X = X\ U 


U X 4 defined in 


(B.l) restricted to the disk of radius r centered at the origin, i.e. X r = X n {|^| < r}. 
The spaces E p and L p are defined in Appendix [XJ 

Theorem 4.1. Let T C M be a (possibly infinite) interval. Let p,e : T —> (0, 00 ) be 
bounded strictly positive functions. Let ko : X —>• [1/2,1 ) be a function such that &o(C) + 
e(C) < 1 and e(£) < ko (()/2 for each ( G I. We henceforth drop the ( dependence of 
these functions and write simply p, e, ko for p((), e(C); ^o(C); respectively. 

Let T = T(£) be a family of Carleson jump contours parametrized by ( E X such 
that: 

(Tl) For each ( 6l, T contains the small crosses ±ko + X e as a subset. 

(T2) For each ( E X, T is invariant as a set under the maps 

k i-A u>k, ke^-l/k. (4-1) 

Moreover, the orientation of T is such that if k traverses T in the positive 
direction, then u:k and l/k also traverse T in the positive direction. 

(T3) Let V denote the union of the two disks {\k±ko\ < e} and the sets obtained by 
letting the symmetries in (4-1) act repeatedly on these disks. Let T = T U dV 
and assume that the boundary of each of the 12 components of V is oriented 
counterclockwise. Then, after reversing the orientation on a subcontour if nec¬ 
essary, T is a Carleson jump contour for each ( G I. 

(T4) The contour remains a bounded distance away from the point I\ \ := e~e for all 

C el: 

inf dist(Ai,f) > 0. (4.2) 

We also assume that the Cauchy singular operator 5.-, defined by 


(Sf,h)(z) = lim — 

1 r- 5-0 m 

is unz/orm/ij^] bounded on L 2 (f) ; i.e. 

sup ||«S- 


Hz') 


■dz ', 


'ryih'— £|<r} 


z — z 


C6X 


riiB(L 2 (r)) 


< 00. 


(4.3) 


Consider the following family of Lfi-RH problems parametrized by the two parameters 
( E X and t > 0 : 


fm(C,t,-) e/ + £ 3 (C\r), 

[ m. |_(C, t, k) = m_(C, t , k)v((, t, k ) for a.e. k £ T, 


(4.4) 


where the jump matrix v((,t, k ) obeys the symmetries ( 2 . 14 a) and ( 2 . 14 b) and satisfies 
w((,t,-):=v((,t,-)-i eL\r)nL°°(r), ( ei, t>o. (4.5) 


^For any fixed £ Sp is bounded on L 2 (f) as a consequence of (F3). 
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Let t := tp 2 . Let Tx denote the union of the two small crosses ±fco + X e and the 
sets obtained by letting the symmetries in (f.l) act repeatedly on these crosses. Let 
r 7 = r \ r x and suppose 


MC ,t,- 


Ilp(P 


„ ) = 0( e p r 1 ), t -> OO, c el, Pe {l,|,3}, 


= 0 (t !), T-» OO, (el, 


(4.6a) 

(4.6b) 


uniformly with respect to ( 6l. Moreover, let C = diag(l, —1,1) and suppose that the 
normalized jump matrices 


have the form 


= Cv((,t,ko - 
z) = Cv((,t,-ko + 

( 


z e x p , (el, 


MC,t,z) = < 


and 


vo((,t,z) = < 


1 0 O' 

R 1 (C,t,z)z~ 2iv ^e tt K^ 1 0 

V 0 0 b 

(\ -R 2 (C,t,z)z 2iu ^e~ t ^^ 0 N 

0 1 0 

V° 0 b 

/ 1 0 0^ 

-R 3 (C,t,z)z~ 2il '^e t ^’ z '> 1 0 

V 0 0 1, 

(\ R 4 {C,t,z)z 2i ^0 e -tH<:, z ) 

0 1 0 

\° 0 1, 

/ 1 0 O' 

Ri(C,t,z)z- 2i ^O e t ^ z ) 1 0 

V 0 0 b 

/l -R 2 (C,t,z)z 2i ^ e -t4>(^) 0 N 

0 1 0 

V° 0 b 

/ 1 0 0 N 

-R 3 (C,t,z)z~ 2ii:, ^e t ^^ 1 0 

V 0 0 1, 

/l R 4 (C,t,z)z 2i0 ^e- t ^’ z '> 0^ 

0 1 0 
\0 0 1, 


where: 


z € X p , 

z € Xlf, 


z 


ex p 


z G X P A , 


z € X p , 

z € Xff, 

z € X p , 

z € X p , 


The phase <f{C, z) is a smooth function of ((,z) Glx C such that 
<KC,0 )GiR, ^(C,0) = 0, 0(C,o ) = i, Cel, 


(4.7) 


(4.8a) 


(4.8b) 


(4.9) 
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and 



Refi((,z) < -^j-, 

zexf uxg, (€i, 

(4.10a) 

bl 2 

Re<XC,X> > -a-, 

zgX 2 p ux£, (el, 

(4.10b) 

1 

x~\ 

O 1 

1 

1 lSJ * 
tO M 

1 to 

\z\ 3 

z g x p , c el, 

p 

(4.10c) 

where C > 0 is a constant. 

There exist smooth functions q,q :T C and constants (a, L) G 

[|; 1) X (0, OO) 


such that 

sup|g(C)|<l, sup|<?(C)| < 1, 

Cex cex 


\Ri((,t,z) 

i i rv t\zr 

-g(C)|<A|f| a e—, 

z G At, 


9(0 i^r|z|«^ 

i-k(C)l 2 ~ L \p\ e ’ 

* G X P 2, 

\R3(C,t,z) 

9(0 ^ 

l-|9(C)b 1 - L lpl f ’ 

z G X 3 P , 

\R 4 ((,t,z) 

-?(01 < e 6 , 

^ G X %, 

and 



Ai(C) t, z) 

i i rv 

- 9(01 < = » . 

z G Xf, 

\R 2 {C,fiiZ) 

9(0 \<L\ z \ a e^ 

1-|<?(C)P 1 - Xp\ e ’ 

z G X 2 P , 

1^3 (C ,t,z) 

9(0 1 ^ r|2|“ ^ 

1-|9(C)I 2 I — ^1 pl 6 ’ 

z G At, 

\R 4 (C,t,z) 

i i rv t\z\ z 

^ G At, 


• The functions and u(£) are defined by 


f G X, t > 0, 


C, G X, t > 0. 


(4.11a) 


(4.11b) 


KC) = _ ^ r 1 °s ( 1 _ k(C)l 2 ) 


*KC) = _ ^ r 1 °g ( 1 ~ l<?(C)l 2 ) 


(4.12) 


Then the L 3 -RH problem (4-4) has a unique solution for all sufficiently large r and 
this solution satisfies 


(1, 1 , l)m(C, t , K\) = (1, 1 , 1) + -^Re {Ttf - MP, Xg/3 - X^, X 2 /3 ~ FiP) 

ho v x 

+ 0(er - ^), r —» oo, Q&T, (4.13) 

where the error term is uniform with respect to f G X, i/ie functions Fj = Ffifi), 
j = 1, 2, 3, are defined by 


-^1(0 = 


1 — &qU; 


^3(C) = - 


(?: + fc 0 )(l - k 0 Ki) ’ 
z(l — k^u) 


MO = 


1 — k^uj 


(i - fc 0 )(l + fc 0 A'i) 


1 + /CqW 

and the functions P = P((,t) and $ = $((,t) are defined by 


f3((,t) = v /u(C)e i ^ _arg9 ^^ +argr ^ i/ ^^) e - tr P(Cfi) t -iu(C), 
/3(f,t) = ^/j>(^) e l '(f _arg 4(C)+ ar g r (^(C))) e -t0(C,°)^-*i :> (O_ 


(4.14) 


(4.15a) 

(4.15b) 
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Proof. Since det v = 1 and we are considering an L 3 -RH problem for a 3 X 3-matrix 

valued function, uniqueness follows fro m Le mma [ATT] 

Let m x be the solution of Theorem lB.ll and let 

T _ >/ . » / *0(C,O) _MQ *<HC.O) i^(C) \ 

= diag(e 2 t 2 ; e 2 t 2 ,l), 

= diag(e 2 t 2 ,e 2 t 2 } i). 

Define mo(C> t, k) in neighborhoods of k = ko and k = —ko by 


m 0 ((,t,k) = < 


CD((,t)m x ~^f{k - k 0 )^D(t,t) 3 C, \k - k 0 \ < e, 
C£>(C,t)- 1 m x (g(C),^(fc+^))^(C,i)C, |fc + Lo| < e, 


and extend it to all of V in such a way that mo obeys the symmetries (2.14a) and 
d2T4bl). 


Lemma A.4 implies that m satisfies the L 3 -RH problem (4.4) if and only if the 


function m((,t,k ) defined by 


m((,t,k)m 0 ((,t,k) \ 


k£V, 

otherwise, 


satisfies the L 3 -RH problem 

fm(C,t,-) £ I + £ 3 (C\f), 

[ m+(£, t, k ) = m_ (£, t. k)v(x, t, k) for a.e. k £ L. 
where the jump matrix v is given by 

m 0 _(C,Lfc)^(C,Lfc)?7D+(C,Lfe)“ 1 ) k £ V, 
mo{(,t,k)~ l , k £ dV, 

v((,t,k), otherwise. 


(4.16) 


v((,t,k) = < 


By construction, w = v — I satisfies the symmetries (2.14a) and (2.14b). 
Claim 1. The function w = v — I satisfies 

w((,t,k) = 0(r~2 e~24e 2 1 fc=Ffc °I ) ; r —>• 00 , ( £ Z, k £ ±ko + X e 

where the error term is uniform with respect to (£, k) in the given ranges. 
Proof of Claim 1. We first assume k £ ko + X e . Then 

w((,t,k) = m 0 _( C,i,fc)u(C,t,fc)m 0+ (C,t, A:) -1 -I 

= m 0 -(C, t, k)u( C, i, /c)m 0 +(C, L k)~ x , 


(4.17) 


where 

u{(,t,k) := v((,t, k) -CD((,t)v X (q(t),-^(k - k 0 )j D(C, ty 1 C. 

The functions mo + ((,t,k) and mo-(C,t,k) are uniformly bounded for t > 0, C £ Z, 
and k £ ko + X e . Therefore, it is enough to prove that 

u((, t, k) = 0 [ t ~ 2 e _ 24 ^l fc_fc °l ), t — > 00 , (£Z, k£ko + X e , (4.18) 

uniformly with respect to ((,k). Introducing the function uq by 

uo(C ,t,z) = Cuf(,t,k 0 — ~~ S jC = v 0 (C,t,z) - D((,t)v x (q(C),Viz)D(C,t)~ 1 , 
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we can rewrite the condition ( |4. 18 ) as follows: 

uo((,t, z) = 0(t~2 , t —* oo, ( Gl, z G X p , 

uniformly with respect to (£, z) in the given ranges. Using that 
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D((,t)v X (q((),Vtz)D(C,t) X = 


/ 


1 


0 0^ 


qiOz-^Oe^te^’V i 0 

0 0 1 ; 

(l C) e -¥ e -^(C,o) 0 \ 

1-|?(C)I 2 

0 1 0 

0 0 1 

1 0 o\ 

__|10_^^-^(C) e ¥ e ^(C,o) ! o 

V 0 2 0 V 

^1 q(C)z 2i ^ O e - lJ ^- e -t^(,o) o 

0 1 0 

\o 0 1 


(4.19) 


* g Xi, 


•Z G X 2 , 


z G X 3 , 


z G X 4 , 


equation (4.19) follows from the assumptions (4.8)-(4.11). Indeed, we will give the 
details of the proof of (4.19) in the case of z G X^; the other cases are similar. 

Let z G Xf. In this case only the (21) entry of Uo(C,t,z) is nonzero and using that 
argz = | and sup^-j \q(C)\ < L we find 


IMC,M)) 21 | = \Ri(U,z)z- 2i ^e t ^-q(C)z 


-2iu(o e ^~ e m,o)\ 


= U-2w(C) 




< e^(|i?i(C,M) -9(C)|e tRfi ^ (c,2) + k(C)l|e^ (C>2) - l|)e 




(( G X, f > 0, 2 : G Xf, 


(4.20) 


where z) = cj>(C, z) — </>(£, 0) — l X~. The simple estimate 


\e w - 1| = 

yields the inequality 


f 

Jo 


we sw ds 


< |«7| max e sRe ™, 
se[o,i] 


w G C, 


\e w - 1| < \iu\ max(l, e Rew ), wGC 


(4.21) 


On the other hand, by (4.9) and (4.10a), 

I 12 I 12 

Re z) = Re (/){(, z)+ -^~ < ( G X, z G Xf. 


Using (4.21), (4.22), and the fact that sup^ e j |</(C)| < 1 in (4.20), we find 

|(u 0 (e,M)) 2 i| < (\R!(C,t,z) - g(C)| +t\4>(C,z)\^je~ 1 i~, 

Cel, t> 0 , zex[. 


(4.22) 
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By (4.10c), (4.11), and the fact that sup^ e j |p(£)| < oo, the right-hand side is of order 


oi,W + ^V^I=o 


p u 


p 


(t\z \ 2 ) a / 2 (t|z| 2 ) 3 / 2 \ *M 2 


= O 


+ 


a /2 1 r l/2 


*i*r 
e 24 


r“/ 2 r 1 / 2 

t — y oo , £ G X, 2 ; G X £, 


(4.23) 


uniformly with respect to (£, 2 ) in the given ranges. This proves (4.19) in the case of 
z G X{. 

Now let k G — ko + X e . Then 

w((,t,k) = mo-(C,t,fc)u(C,t,fc)m 0+ (CT^) _1 -^ = "i 0 _(C, t, k)u((, t, k)m 0+ ((, t, k)~ l , 

where 




u(C,t,k) := v((,t,k) - CD((,t)v x ^q( £), ^-(k + k 0 )JD((,t ) 1 C. 

The functions mo+((,t, k) and mo-((,t,k) are uniformly bounded for t > 0, £ £ 21, 
and /c G —fco + N e . Therefore, it is enough to prove that 

u(C,t,k) = 0 [ t ~ 2 e 8^^' +fc °l ) ; t — y 00 , (Gl, A: G — fco + (4.24) 

uniformly with respect to (£, fc). Introducing the function uq by 


uo(C,t,z) = Cuf(,t,-k 0 + ^jC = v 0 (( ,t,z) - D((,t)v x (q((), Vtz)D((,t ) \ 
we can rewrite the condition (|4.24) as follows: 


t|z| 


uo(£,i, z) = 0 (t 2 e 8 ), t — y 00, £ G X, z G T, 

uniformly with respect to (£, z) in the given ranges. The rest of the proof is as in the 

□ 

(4.25a) 
(4.25b) 

(4.26) 


= 0(eST-f; 


t — ^ 00, £ G X, 

r —>• 00, £ G X. 


case of A G &o + 2T e . 

Claim 2. We have 

ll^(£>Oil l 3 (r) 

IH£> V)|| L oo ( f) = 0 (^ _f ), 

Moreover, for any pG [1, 00 ), 

\\w(C,t,-)\\ Lp{±k0+xe) =O(ePT^^^), r-> 00 , £ G X. 

where the error terms are uniform with respect to £. 

Proof of Claim 2. In view of the symmetries (2.14a) and (|2.14b[), 


IH£x,0llz,3 ( f) = °(ll^(CX,0llL3 (r / ) + ||m 0 (£,t, 0 1 - ^llz,3 ( | fe _ feo | =e ) 

+ ||m 0 (£,i, 0 1 — ^llL 3 (|fc+fco|=e) + Olll/ 3 (fco+A: e ) 

+ l|w(£,i, OllL 3 (-fc 0 +x e ))- (4.27) 

On T 7 , the matrix w is given by either v — I or nio(v — I)mQ 1 . Hence || ih(£,t, Oil is (r') = 
0(e 1 / 3 r” 1 ) by the assumption (4.6a). Moreover, by (B.3), m x (q,z) = I + 0(0) as 
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z —> oo uniformly with respect to the argument of z and with respect to q in compact 
subsets of D. Hence, as the entries of D(£, t ) have unit modulus, 

\-i 


\\m 0 (C,t,k) ~ I\\ L p(\k-k 0 \=e) 


CD((,t) 


T 


m (q( C),— -{k-k 0 ) 


-i 


-I 


D{Ct)~ l C 


LP(\k-k 0 \=e) 


0 (e 1 ^ p T x / 2 ), p £ [1, oo), 
0 (t“ 1/2 ), p = oo, 


(4.28) 


uniformly with respect to £ £ X; the third term on the right-hand side of (4.27) satisfies 
a similar estimate. The last two terms in (4.27) can be estimated using (4.17). This 
yields (4.25a). The proof of (4.25b) uses the assumption (4.6b) is similar. 

In order to prove (4.26), we note that (4.17) implies 


l^(C,V)l \ L p(k 0 +x*) — O 


T 2 


= 0 T~ 2 


Letting v = fu 2 we find 


f e~^ u 2 du< [ 

Jo Jo 


e 24?' ul 


Ik 0 +X e 


e 24e 2 du 


e 24?“ du = 


e\/6 

\/PT 


f 


oo, C e x. (4.29) 


dv = —-—. 
v y/pf 


Equations (4.29) and (4.30) yield (4.26). 


(4.30) 

□ 


Let C denote the Cauchy operator associated with f: 


1 


(Cf)(z) = — 


f(s) 


27 xi Jp s — z 


ds, z £ C \ f. 


Claim 3. There exists a T > 0 such that I — £ £>(L 3 (f)) is invertible for all 

(£, t) £ I x (0, oo) with t > T. 

Proof of Claim 3. By (A.5) and (4.25b), 

Il^lli3(i 3 (f)) — ^11^11 L°°(f) = 2 )’ 

This proves the claim. 


T —> OO. 


(4.31) 

□ 


In view of Claim 3, we may define the 3 x 3-matrix valued function /i(£, t, z ) whenever 
r > T by 

£ = / + (/- C*)" 1 ^! £ I + L 3 (f). (4.32) 

Claim 4. The function £(£, t, k) satisfies 

||£(C,*> •) - L||i3 ( f) = O(eSr-f), r-t oo, C £ ^ (4.33) 

where the error term is uniform with respect to £ £ X. 

Proof of Claim f. The Neumann series 

oo 

l=o 


(4.34) 
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implies that 


W-c, 


\—11 


< 


1 


HB(L 3 (f)) ^ H C ^Hs(L 3 (f)) “ , up || . ' 

j=0 1 ll^lle(L3(r)) 


Now (4.3) and the Sokhotski-Plemelj formulaC_ = |(—/+«Sr) show that sup^ eI ||C_ ll J B(z, 3 (r)) < 
oo. Thus, 

IIA — 11Z/ 3 (T) = II — Ili3(f) < II (^ — Cw) lls(L 3 (r)) ll^ — 0^) II L 3 (r) 

^IMIl 3 ^) 


< 


i - lie, 


*llB(L 3 (f)) 


In view of (4.25a) and (4.31), this gives (4.33). 


□ 


Claim 5. There exists a unique solution m 6 I + T7 3 (C \ f) of the L 3 -RH problem 
(4.16) whenever r > T. This solution is given by 

1 f ds 

?h(C, t , k) = I + Cap, = I + — J p((,t,s)w(t,t, s ) . (4.35) 

Proof of Cla im 5. Uniqueness follows from Lemma A. 1| since det u = 1. Moreover, 
equation (4.32) implies that p — / = C^p. Hence, by Lemma A.2 rh = I + C(pw) 
satisfies the L 3 -RH problem (4.16). □ 

Let C(C) denote the union of the two circles \k — &o| = e and \k + ko\ = e oriented 
counterclockwise. Let C'(C) -1 denote the image of C(£) under the map k *->• k . The 
symmetry properties of v imply t hat A fh(C, t, (jjk)A^ 1 6 / + E 3 ( C \ T) and m(C, L k) 
both satisfy the L 3 -RH problem (4.16); by uniqueness they are equal, i.e., 

fh(C, t, k) = Afh((, t, ujk)A~ l , k e C \ f. 


Using this symmetry in (4.35), we obtain 


m(C,t,Ki ) = rh(C,t,K 1 ) = 1 + n [F n ((,t) + G n ((,t)]A n 


n =0 


+ 


27ri 


where 
Fn((A) = 


By (B.3), 


IC(Q 


p(C, t, k)w(C, t, k)dk 
k — uj~ n K\ 


~ij P{(,t,k)w((,t,k) 

G„(C,t) = 




'C(C)" 


k - K\ 

p(C, t, k)w(C, t, k)dk 
k — u~ n Ki 


(4.36) 


Vr, 


m 0 {(,t,k) =CD((,t)mr [q((), —— (k - k 0 ) ) D((,t ) C 


-i 


= I - 


y/r(k - ko) 


+ 0(t ), t — y oo, C £ Z, \k — ko\ = e, (4.37a) 


and 


m 0 {(,t,k ) =CD((,t) rn x (q((),—(k + ko)) D(£,t)C 


-l 


= / + 


B(C,t) 


Vr{k + k 0 ) 


+ 0(t ), r-> oo, C £ 21, H- 7 cq| = e, (4.37b) 




























LONG-TIME ASYMPTOTICS FOR THE DEGASPERIS-PROCESI EQUATION 


19 


where B((,t) and are defined by 

0 ~/3(C ,t) 0> 


B((,t) = ie | 0 0 

0 0 0, 


B(C,t) = ie | /3(C, t) 
0 


0 0> 

0 0 

0 0 I 


with 


P{C,t) = p x (q(C))e- t ^ 0 k- i ^O 
Using ( |4.28 ), ( |4.33 ), and ( 4.37 ) we find 

f k)- 1 -I)dk 

-^nvC 5 1 ) — 


P(C,t) = P X (q{C))e- m ’ 0) t- iH(:) . 


L 


C (0 k-oj n Ki 

(mo(C) t-i k)~ l ~ I)dk 
C(0 k - uj~ n I\i j C (q 

B((,t) dk 


+ 


L 


(KC,t,k) - I)(mo(C,t,k) - I)dk 


j 

J\k 


+ 


k — co n Ki 
B(C,t) 


dk 


!\k- ko \=eV^{k-k 0 )k-u n K 1 J\ k+ko \ =e y/r(k + k 0 ) k — u n I< 1 
+ 0(ct 1 ) + 0(\\fi - J||Il m 0 1 ~ k\\L 3 / 2 (C(0)) 

B(C,t) 


2ni 


+ 


B(C,t) 


fr \ ko — uj n K\ k 0 + u n K\ 
uniformly with respect to ( E X. 


+ 0( e r-^) 


(4.38) 


In order to compute the contribution from G n we note that (4.37) implies 
moiCRk)- 1 = Bmo{Q,t,k~ l )~ l B 

_-l\ I 7,-1 


1 ~ Jfk-l-ko) + °( r ')’ \ k l ~ko\ = e, 


1 + 


BB((,t)B 

y/r{k- l +k 0 ) 


+ Q(t 1 ), I k 1 + fcol = e, 


r —> oo, £ €.Z. 


Hence, proceeding as in (4.38), we find 

f t , k)(mo( C, t, fe)' 1 - I)dk 

/c(C )- 1 


Gn{(, t) — 


k — bj n K\ 


f {m 0 ((,t,k) 1 - I)dk r jfi(C,t,k) - I)(m 0 (C,t,k) 1 - I)dk 

/c(C)- 1 k - u~ n Ki Jc(C )- 1 k - u~ n Ki 


k — ui n K\ 

f BB(C,t)B _ 

/|fe—i—fe 0 |=e V^ik- 1 -ko)k- Lo~ n K\ 


iC(C)- 1 

dk 


+ 


BB(C,t)B 


dk 


l\k-i+k 0 \=e Vr{k 1 + ko)k-uj n K x 
+ 0(er- 1 ) + O(||/f-/|| i 3 ( f)ll^o 1 - i IIl3/2( C (c)- 1 )) 

BB((,t)B 


2iri 


+ 


BB(C,t)B 


sJt \k 0 (l - k 0 u n R \) k 0 (l + k 0 u n K 1 ) 

uniformly with respect to £ E X. 


, 1 + a , 

+ 0(er—) 


(4.39) 


On the other hand, using (4.2), 
j" fi(C,t,k)w((,t,k)dk 


k - K x 


(/t(C, t, k ) — I)w((, t, k)dk 


k - K x 


+ 


w(C, t, k)dk 


<c , IIA--f|li3 (r) l|w|| i i (r) 


V k - I<x 
+ )• 


he L 1 -norm of w is 0(er x ) on U by (4.6a) and is 0(er 2 ) on {=tfco + X e } by 
(4.26). Hence ll^lliHT) = 0(er a - ). Similarly, = 0(ear -1 +ear's - 2 ) by 
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(4.6a) and (4.26). Since \\ft — = 0(e 1//3 r 2 ) by (4.33) and 1/3 < a < 1, we 

inter that 


fi((, t , k)w((, t, k)dk 


k - K x 


, 1 +oc , 

= 0(er 2 _ < 


T —> OO, C ^ + 


(4.40) 


uniformly with respect to ( E 1. Equations ( |4.36[ ) , ( |4.38[ ) , ( |4.39[ ) , and ( |4.40[ ) yield 

2 




+ B(C,t) 


ko — td n K\ ko + oj n K\ 


BB(C,t)B 


feo(l — kou n K\) ko(l + kou n K \) 


1+g , 


A n + 0(er 2 ). (4.41) 


Recalling that K\ = e e , a tedious but straightforward computation gives (4.13). □ 


5. Long-time asymptotics in the similarity sector 


Theorem 5.1 gives exact formulas for the leading order asymptotics of the solution 
of the DP equation on the half-line in the asymptotic region 

0 < c < £ < 3, (3 — £)a t -A 00 , 

where £ = x/t. 

Theorem 5.1. Let uo and {ffjlo be functions in the Schwartz class <S(K + ) that satisfy 
the assumptions (2.2). Suppose there exists a unique solution u(x,t ) of equation (1.1) 
with k = 1 in the half-line domain D = {x > 0 , t > 0 } such that 

• u is a smooth function of (x, t) E fl, 


• u satisfies the initial and boundary conditions (2.1), 

• u(-,t ) E <S(M+) for each t > 0. 

Let q{x, t) = (u(x, t ) — u xx (x, t) + 1) 3 . Define <3> n (x, t , k) for (. x , t ) in the set 

{x > 0, t = 0} U {x = 0, t > 0} 


by the linear integral equations (2.11b). Define r(k ) for k E ( ^ 1 , v ^ +1 ) by 


r(k) = (l>i 8 ( 0 , 0 ,A;)- 1 $ 7 ( 0 , 0 ,A;)) 2 ie i(fc - fc J ) / 0 °°(g(^o)-i)cfa_ 
Suppose the set {kj} defined in Section [1| is empty and that 

sup |r(/c)| < 1 . 


Then, for any a E [|, 1) and c > 0, the following asymptotic formulas are valid: 
q(x,t ) = 1 + cos ( & 2 (Ot - n(£)log(t) + 63 ( 0 ) + 0((3 - 


■u(x, t) = 


3 &! (0 


(3 — £) 2 i—»oo, c<£< 3, (5-1) 

1+3q 1+g > 


(1 + 4feg(0)\/i 


cos ( 6 2 (Oi-K0 lo g* + 63 (C)) + 0((3-£) 4 t 2 ), 

(3 — £)ai —>■ 00 , c < £ < 3, 


(5.2) 
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where the error terms are uniform with respect to f in the given ranges and the func¬ 
tions {bj(f)}i, z/(£) ? and ko(f) are defined by 


= 


1 - (3 + «„ 2 (f))(l+4fc§({)M0 


i + ^’o(£) 


7r 


= 4 - Xo(0 + ^(0 log 


3fco(0-4A^(0 

(4^(O + l) 2 (4fc 0 2 (O+3) 


& 2(0 = 


48 *jj(0 


(l + 4*g(f)) 2 ’ 

+ arg r(ii/(£)) - argr(fc 0 (O) 


576^(0(3-4^2(0) 

arctan + — /^ ^(1 - kWI 2 )}^*. 

V l-fco(0/ ^ Vfcott) ! + s 


Ke) = -^log(l-|r(fc 0 (0)| 2 ), 

with 


fco(0 = 


-2^-3 + 024^09 
8^ 


feo(o=- feo(e) + v l + fc o( 0 , 

Xd(0 = -f 1 “ |r(s)|2 

2vr A- 0 (f) V- 


,l-|r(fc 0 (O)| 2 


(fco(0 - ^ 1 (Q)(^ 6 + s 4 ) + (fe 0 5 (O - fc 0 7 (O)O 10 +1) 

feo 2 (0s 6 - &o(£)( s12 + 1) + S 6 


ds. 


(5.3) 


5.1. Proof of Theorem |5.1[ The proof of Theorem |5.1| will proceed through several 
steps. The basic idea consists of deforming the contour of the RH problem (3.6) so 
that the jump matrix is exponentially small everywhere except near a certain set of 
critical points. 

Suppose C = y/t € (0, 3). In or der t o find the critical points, we note that, for fixed 
£, the function <£(£, k) defined in (3.8) can be written as $(£,/;) = F{k{k )) where 


F(k) = 2 i(k - 


6 ik 


1 + 4k 2 ’ 




The equation F'(k) = 0 has two real solutions ±fco, where ko = ko{() I s defined by 

ko = 


-2C-3 + V24C + 9 


8C 

Consequently, there are four real points at which d^/dk = 0; these are given by 
±/cq, ±/cq 1 where ko = ko(() is defined by 


k 0 — ~ko + \/l + kf.. 


It follows that for £ € (0,3) the RH problem (3.6) has twelve critical points associated 
with it (the four points ±fco, as we H as th e sight points obtained by multiplying 

these four points by oj and uj 2 ). Note that 0 < ko < 1/2 and v ^~ 1 < ko < 1 for 
0 < C < 3. 

Step 1: Deform contour. By introducing rational approximations if necessary, we 
may assume that the jump matrices in (3.3) admit appropriate analytic continuations, 
see [T2]. We begin by deforming the contour so that it (a) avoids the points {Kj}\ 
and (b) passes through the twelve critical points, see Figures [5] and |6j 
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\ Re > 0 / 




1 r 

- 

)\ / 

/ Re < 0 \ 

^ 1 

ko kQ 



Figure 5. The jump contour f for k near M together with the regions where Re $ < 0 
(shaded) and Re<& > 0 (unshaded). 


For k near K \, the contour deformation is achieved by letting 


M = 


AiVl9,25 <^19,26 

< MJ 19 ; 26 

, d/f ,7, 9 | 26 J\ 9,25 J\ 9/26 


in Fig, 
in E 2 5 , 
in F 26 ; 


note that th e fun ction M has no jump across E\g n E 25 and E\g n E 2 6 - We use the 
symmetries (2.14) to extend this definition to U^ 1 £ , n+ ig. 

For k near kg and kf l , the contour deformation is achieved by defining M = M Jf) 
for k E Fifl-Ey and M = for k E ^6 hi Fig, where the sets {F n } are as in Figure 

[HJ We define M analogously near the other critical points and set M = M otherwise. 

Le t f d enot e the contour displayed in Figure [bj Proposition 3.1 and the expressions 
(3.7) and (3.9) for J show that, except for possible singularities at the points {xj}f, 
M(y,t,k ) is a bounded and analytic function of k E C \ T. Indeed, the matrix ,J\j 
involves the exponential which is bounded for k E F\ n £7; hence M is bounded 
in F \. Similarly, M is bounded in £jg because Re z\ < Re z 2 < Re Z 3 in E 19 and 


/l * *\ 

^ 19 , 25 ^ 19,26 = e yC+tz jO 1 * I ; (5.4a) 

\0 0 1 / 

M is bounded in £25 because Re z 2 < Re z 3 in E 25 and 

. .A 0 o\ 

Ji 9,26 = e yC+tZ 0 1 * ; (5.4b) 

V° 0 V 

and M is a bounded in F 2 e because Re z\ < Re Z 3 < Re z 2 in E 2 & and 

/l * *\ 

^92^19,2^19,26 = e yC+tZ 0 1 0 . (5.4 C ) 

V° 0 V 
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Figure 6. The jump contour f for M. 


Using Lemma A.4 we conclude that N = (1,1,1 )M satisfies the L 3 -RH problem 

(5.5) 


N(y,t,-) € (l,l,l) + F 3 (C\r), 

N(y, t, k ) = N(y, t , k)J(y, t, k ) for a.e. k e f. 


where, by (3.10) 


J = 


(1 


* * 


Jl,19 

*/l9,25 

Ji9,26 = ey c+tz 

0 1*, 

Ei 

n 

El9, 






0 V 







fl 

0 

*\ 






<^19,26 

_ e yC+tZ 

0 

1 

• 


Ej 

n 

E 25 , 





0 

v 











(\ * *\ 




<^8,26 

J- 1 

J 19,26 

*^19,25*^19,26 

= 

e yC+tZ 

0 10 

Fs 

n 

Fun 


\° 0 b 


(5.6) 


Step 2: Conjugate. On the circles where the E n ’s and E n+ is’s meet, the jump 
matrix J (y, t , k ) has decay as t —> oo. Indeed, the (12), (13), and (23) entries of the ma¬ 
trices in (5.6) involve the exponentials k \ and , respectively; 

the decay now follows from the signature table of Red*, see Figure [5] 

In order to arrive at a jump matrix with the appropriate decay properties also on 
the remaining part of the contour, we need to perform a triangular factorization of J. 
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Such a factorization can be achieved by conjugating the RH problem as follows. Let 

h5(C,£;)h(C,w 2 A0 -1 0 0 


A (C,k) = 




0 


0 

<5(£, tj 2 k)d((, uk) 


-i 


where 


M, k) = exp | j | log(l - |f(s)| 2 )^ 


+ f ° iog(i - K*)| 2 ) 


1 


1 


s — k s — 

1 


Airi 


ko 


ds 


s — k s — 


Y ) ds >, k G C \ M. 


(5.7) 


The identities 


S«,k) = 


S(C,k) 6 ((i k 


-iv 


keC, 


imply that A(C,,k) obeys the three symmetries in (2.14). The function 5 satisfies 

(5_(C,fc)(l - |r(fc)| 2 ), k G (ko, k^ 1 ), 

MC, *0(1 - |7(fc)| 2 ), k G (——fc 0 ), 

5-(C,k), otherwise, 

and 


MC,*0 = < 


8(C,k) = e^ + 0(M), fc^oo, 1-6C, 

where the constant <p G M is given by 

ko i 

log(l - |r(s)| 2 )— + A- 

lk 0 

Moreover, the representation 

(M - A)(fco - /(fco + *0(M 1 + 


1 f k ° , ( r 1 1 [*0. , , , N | 2\ 

^ = t/ lo g(i- r(a) 2 )—+ — / log l- r(s) 2 —. 
4vr J_ i s 4 tt s 

fc o 


M ,*0 = 


(fc 0 - *0(*h 1 - k - 1 )/ \(fc 0 1 + *0(*h + fc _1 ) 


where 


X(C, k) = — 


1 M°, / l-|f(s 


log 


+ 


k 0 

1 f k O 


47t i J_j_ \1 — |f(—feo)| 2 / \s — k 


s — 


,x(C,k) 


ds 


Airi 


log - 


'fco 


1 - |r(s) 


1 - |r(fc 0 )| 2 y \s-k s - IJ 


ds , 


shows that 

We conclude that 


5((,-),6((,-r 1 eE°°(C\R). 


A(C, •), A(C, -)' 1 e I + E 3 (C \ f) n E°°(C \ f). 

The function M defined by 

M(y,t,k) = M(y,t,k)A(C,k) 
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satisfies the jump condition M + 
that 


M_ J on T with J = A_ X JA + . We find from (|3.7l) 


J = 


'b l 1 b u , 

B?Bi, 

tl h(k)e- m 0\ 

0 1 0 , 

\o 0 l) 

( 1 0 0 \ 

1 0 ’ 

V o 0 1/ 

b~ 1 b 

U l U Ul 

Bu X B h 

ll 5 { ^§f k) h{k)e- m o\ 

0 1 0 , 

\0 0 l) 

( 1 0 0\ 

1 0 ’ 

A 0 0 1/ 


k € F\ n Fq, 
keFr n F 18 , 

k € Fi n F 7 , 


k e f 6 n Fis, 

keF 3 n Ft, 
k € F\2 n F 13 , 


k G F 3 n F\2 , 


keF 4 n Fi 3 . 


where 


bi = 


B 


u 


Bi 


b 


U 


/ 1 0 o' 

- S(Jm( 2 ,^k) ( r ( fc ) + ^(fc))e t$(c ’ fc) 1 0 

V 0 01 


/i S(C,ujk)8{(,ui 2 k) r{k ) r/ 

MCfc? i-r(fc)7(fc) e u 

0 1 


Vo 


0 


1 0 0> 

_ r ( fc ) e ^(C,fe) i o 

S(C,uk)5(C,u 2 k) i_ r (fc) r (fc) 

0 


A+(C,fc) 2 


0 1, 

A - 5(C ’tA)A fc) + MA)e~ t$(C ’ fc) 
0 ’ 1 
yo o 



and bi, B u , Bi, b u are given by analogous expressions but with r and h replaced with 
f and h, respectively. 
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Step 3: Deform again. Let the sets { Uj } and {V)} be as in Figure [7] and define 
m(y, t, k) for k near M by 


m(y,t,k) = < 


M(y,t,k)Bi(y,t,k)~ 1 , 
M(y,t,k)b u (y,t, k)~ l , 
M(y,t,k)bi(y,t, A:) -1 , 
M(y,t,k)B u (y,t,k )~ 1 , 
M(y,t,k)Bi(y,t,k)~ l , 
M(y, t, k)b u (y, t, k)^ 1 , 
M{y,t,k)bi{y,t,k)~ x , 
M(y,t,k)B u (y,t,k)- x , 


k g ih n c+, 

k G U 3 n C+, 

k g c/3 n c_, 
k g c/i n c_ ? 
k g 1/5 n c+, 
g c/7 n c_(-, 
k g t/7 n (C_ ? 
k g t/5 n c— 


(5.8) 


We define m analogously near the lines wR and cn 2 M 
r denote the jump contour for m; the part of T near 
function m satisfies the jump condition m+ = on T, where 

r 


and set m = M elsewhere. Let 
R is displayed in Figure [7J The 


v(y,t,k ) = < 


B h 





jb 

£ 

Ui 

n 

u 2 . 






k 

£ 

Us 

n 

Vi, 

bi, 





k 

£ 

Us 

n 

%, 

By. 





k 

£ 

Ui 

n 

U 4 , 


'l 

S{C^k)5((,u 2 k) (Jy - 
T{ CL? 


0^ 






b u J 1,7 = 

0 

1 


0 

, k 

£ 

U 2 

n 

Us, 


.0 

0 


1 ) 







f 

1 

0 

°\ 






biJe,is = 

- 

<5(C fc ) 2 

5(£,uk)6((,uj 2 k) ' 

1 

0 

, k 

£ 

Us 

n 

Ui, 


{ 

0 

0 

1/ 






Bu 





k 

£ 

u 5 

n 

Uq, 






k 

£ 

u 7 

n 

Vs, 

bu 





k 

£ 

U 7 

n 

Vi, 

By 





k 

£ 

U 5 

n 

U 8 , 


( 1 

5(C,uk)6((,uj 2 k)~ ( T\ 
5((,k) 2 r \ K > e 

-t<5> 

0 

\ 





O- 

e 

to 

II 

0 

1 


0 

, k 

£ 

U 6 

n 

U 7 , 


\0 

0 


1 

) 






f 

1 

0 

°\ 






fc/^4,13 = 

— 

<5(C,fc) 2 r(jA r t$ 

s(c^k)5^,uj 2 k) 1 

1 

0 

, k 

£ 

U 7 

n 

U 8 . 


(5.9) 


V 


0 


0 1, 


The jump matrix v obeys the symmetries (2.14a) and (2.14b). 

Equation (5.5) and Lemma A.4 imply that, for each (y,t) £ F[ fl), the function 
n(y,t,k ) defined by 


n(y,t,k) = (1,1, l)m(y,t,k), ket\T 
is a row vector solution of the L 3 -RH problem 

jn(y,V)G/ + E 3 (C\r), 

1 n+(y, t, k ) = n-(y, t, k)v(y, t, k) for a.e. k £ F. 


(5.10) 


(5.11) 
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Figure 7. The jump contour for m for k near M. 


Step 4: Apply Theorem 4.1 Let 0<6<l,a£[|, 1), and c G (0,3). We claim 
that Theorem |4.1| can be applied to the contour T and jump matrix v with 


X = [c, 3), p = e\I-iF"(k 0 )k'(k 0 ) 2 = e 


q(C) = 


m = 


2i£> (0 p 2x(C,ko) 


kn 1 + k oJ S(C,uk 0 )5(C,u 2 k 0 ) 


1 + ko 2 /4 8fc 0 (3 — 4fcg) 
(4^ 0 2 + l) 3 ’ 

) ’ 


r(k 0 )( ~(k 0 1 - /c 0 )fco ) 


2 \ 2tv(<) d(C, -uk 0 )5((,-u 2 k 0 ) 


kQ 1 + ko 


uk 0 )5((,-uj 2 k 0 ) \ (P n -1 I U A 

e 2 X (C,-fco) - 


\ 2ii>(C) 


^(0 =-^log(l - |r(fe 0 )| 2 ), z/(C) =-^log(l - |f(-fe 0 )| 2 ), e = ““^ 


<XC, 2) = <f> ( C, fco - ^ j = ~ko + 


48ifen 


0 


(1 + 4 / u ’ q ) 2 2 


+ -2 2 + 0(^ 3 ), z->0. 


(5.12) 


Indeed, by adding a number of arcs on which v = I, we can ensure that T is a Carleson 
jump contour which satisfies (ri)-(r 4 ) . Furthermore, the decay properties of 
imply that w = v — I satisfies (4.5) and (4.6). The definition (5.9) of v implies that 


(4.7) and (4.8) are satisfied with 


Ri (C,t,z) 
R 2 ((,t,z) 
Rs(C,t,z) 
RdC,t,z) 


<y(c,fc) 2 r (u\~' 

6((,ujk)5(£,uj 2 k) r(k) 


2^(C) ; 

z -2iv(Q 


^(C;^) 2 1—r(fc)r(fc) 

S{(,k) 2 _ r(k) z 2iv(C) 


6((,ujk)6((,u} 2 k) 1 - r (k)r(k) 
<5(C,ajfc)<5(C,aj 2 fc) 

ww 


-r(k)z 


-2 iv(Q 
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where k and z are related by k = ko — and 




5((,uk)5((,uj 2 k) i_r(fc)r(fc) 


r(k) -2ii>(C) 


&3(C, t,z) = 


S(<^,ujk)5(^uj 2 k) 

£?.(/- f -y\ — ^(C; fc ) 2 

— 5{(,uk)8(C,u 2 k) 


r(fc) r 2i£>(C) 

1 —r(fc)r(fc) 


where k and z are related by k = —ko + The definition (5.12) of ^>(£, z) shows that 


(4.9 


9(0 


and (4.10) hold. The symmetry <5(C, A;) = 1/J(C, A:) implies that |5(C, t+o)<5(C, w 2 fco)| 
= |r(fco)| and |g(C)| = |r(—A; q)|; this yields (4.12). To establish (4.11), 


1. Hence 

we note that if k = ko — ^, then 


Ri{c,t,z) = ((k^-kxk - 1 - k 0 )kk 0 y 


„-R 


=,2 X (C,*0 


<5(C, cuk)5((, oj 2 k ) 


r(lfc) - 




( k 0 + fc)(fc 0 + k 

(k 0 1 + k)(ko + k _1 ) 

2it/(C) 


e / 


so that q(C) = Ri((,t,0). Similarly, if k = —ko + y, then 


Ri((,t,z ) = 


(fc 0 - fc)(fc 0 - fc 3 ) 
(fc 0 - k)(k ^ 1 - k- 1 ) 

5( C, uik)5( C, w 2 /c) 


_1 \ \ — 


1 






(fc 0 +fc)(fc 0 + A: 1 )fcfco 
2*£>(C) 


so that g(C) = i?i (Cj L 0). The inequalities in (4.11) for R\ and I(\ are now a con- 

The inequalities in (4.11) for {Rj. Rj}^ are 


sequence of standard estimates cf. 
proved in a similar way. This shows that the conditions of Theorem |4.1| are satisfied. 

The conclusion (4.13) of Theorem 4.1 implies that the solution n(y,t,k ) of the L 3 - 
RH problem ( |5.11 ) satisfies 

n(y,t,K{) = (1,1,1) +-^=Re (Ftf - ?•$, P 3 P ~ FaP, KP - Pj) 


+ o( 


er 


koVr 

1 + 0= x 
' 2 )> 


T = tp 


oo, 




(5.13) 


where the error term is uniform with respect to C, E X and the functions {+j}f, P, P 
are defined in (4.14) and (4.15). 


Remark 5.2. In general, the solution m of the L 3 -RH problem (4.4) featured in 


Theorem |4.1| is different than the function m used in this section; the former is regular 
at the points {xj}® whereas the latter, in general, is singular at these points. However, 
by Lemma A.5 this discrepancy disappears w hen p remultipl ying b y (1,1,1); hence the 
row vector solution n of the L 3 -RH problem (5.11) satisfies (5.13). 


Step 5: Find q(x,t) and u(x,t). For k E E 25 near K\ we have 

m = MJi 9i 2 6 A = P(A:)- 1 T>(x,t)- 1 P(fc)$7e 2:£+ ^5 1 - 1 5 8 e-^-^e I/o£ A. 
Using the identity 

(1,1, l)P{k)- 1 D{x,t)~ 1 P{k) = q(x,t)( 1,1,1), 
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this gives 

n(y,t,k ) = q(x,t)( 1,1, l)<h 7 (x, t, k)e xC+tz S ^ 1 (k)S 8 (k)e~ yC ^ tz e u ° c A(C, k). 
Since $ n (x,t,Ki) = I, evaluation of this equation at k = I\\ yields 
n(y, t, K\) = q{x, t)( 1,1, l)e £ ( Kl ^~y+^A(C, k ) 

= q(x,t)(eV-*- l '°Au((,K 1 ),A 22 ((,K 1 ),e x - y+ " 0 A 33 (C,K 1 )). 

Hence, by (5.13) 


Au(C,K 1 )A 33 (C,K 1 ) _ miC^K^naiCAKi) 


A 2 22 (CKi) 


r?|(C,t, Ad) 


= l + 0(er- 1 /2) ) r 


oo. 


Fixing ( £ I on the left-hand side of this equation and letting t —> oo, we deduce 
that An(C, FCi)A 33 (C, K\) = A 2 2 (C)A'i) for ( £ I. Proceeding as in the proof of 
Proposition 4.2 of [3j, we infer that A 22 (C>Ai) = 1 and |r(fco)| = |f(— ko)\ for all 
( £l. It follows that v(C) = u(C) for C £ A. The equation 

<5(C,fc) =e^ S ^ losa-IK^)! 2 ) 

now shows that 5((,k) = 6 ((,~k)~ 1 and x(£, k) = — ,\'(C> — k )- In particular, q(Q = 
g(^) e i( arg r(-fe°)+ax g r(feo))_ 

A computation shows that 

argg(C) = 2ulog ^ ^ k ~i ^ + Xo(C) + arg r(k Q ) + 2ulog ^(A^ 1 ~ k o) k o ^ 


- - log 
2 8 


-i log 


(fcp - 1 - fc)(fco - fc- 1 ) (fco + fc)(fc 0 - 1 + fc- 1 ) 

(ko - ^)( fc o 1 - A: -1 ) (K 1 + + A; -1 ) 

(■ k d 1 - fc)(fc 0 - k _1 ) (/c 0 + fc)( fc o 1 + A: -1 ) 


k=ujko 


(k 0 - k)(kQ 1 - k- 1 ) (k d 1 + k)(k 0 + A;" 1 ) 
= Xo(C) + argr(A: 0 ) - ulogll 

where 

Xo(C) = Im ( 2 X(C, k o) ~ x(C: uko) - x(C, w 2 fc 0 )) 

and the function Y = Y(Q is defined by 

(4fcg + l) 2 (4feg + 3) 


k=LJ 2 ko 


(5.14) 


Y(C) = 


576fcg(3 - 4jfeg) 


Equations (5.13) and (5.14) yield 


ni(y,t,K i) = 1 + ^Re ((.Fie-* argr(fc °) - jr 2 e i^ g f{-k 0 ^ e i(d 2 t-ulo g t+d 3 )^ 


Vt 


1 +a 


and 


+ 0 (er 2 ) ; r -A oo, C £E Z, 


q(x,t ) = n 2 (y,t, Ad) = 1 + ^Re ((Z 3 e" iargr(fco) - j^arg^-fcoly^t-mogt+dg^ 


(5.15) 


Vi 


1 + Q 


+ 0(er 2 ), r —>• oo, 


(5.16) 


2 All error terms of the form O(-) in the remainder of the proof are uniform with respect to ( € I. 
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where the functions dj = dj( C), j = 1,2,3, are defined by 
2e- v /zl 


di = 


k 0 p 


d 2 = 


48/t'g 


7T 


(1 + 4/u’q ) 2 : 


^3 = ^ - Xo + v log Y + arg T(iv). 


It can be seen from the proof of Theorem 5.1 that thanks to the uniform decay and 
smooth dependence of the jump matrix v on t, the asymptotic formula (4.13) can be 
differentiated in time without affecting the error term. Hence equations (5.15) and 

- log An(C, K\) + v o, 


(5.16) together with the fact that 


y — x = log 


n 2 (y,t,K 1 ) 


(5.17) 


yield 

/ \ d 
u{x ' t) = j t 
_ 8 
“ dt 


{x - y) 


y fixed 


y fixed 


d, 

Vi 


Re 


^ j^ e i(d 2 t-iy\ogt+d 3 _|_ 


Cd 
dt 


1 +(X y 


log An(C,A'i) + 0(er 2 ) 


y fixed 


(5.18) 


where 

/(C) = (^3 - J r 1 )e~ iaTgr ^ ko ' > - ( V 3 - V 2 )e iarg ^~ ko) . 
As C ~^ 3 _ , we have the expansions 


6 — - C) 2 + 0(3 - 0) 

ko= (3 ~° 2 +0((3-C)^), 

D 

di = ^p-cri +0((3 _ c)f)i 


\/6 
3 + ^3 
2 


(3 — C ) 2 

k 0 = i- { —^- + o(s-c), 

6 

P= (3 ^ + 0((3-C)t), 

d 2 = 2(3 :° 2 +o((3~c)i), 


^1 = ^V^ + 0((3-0^), 
J3 = -V3 + 0((3-C)^), 


^2 = 


9 

-3 +V3 
2 


+ O((3-0*), 


y = 3(3 o c) 2 +o((3-c)~s). 


We deduce that there exist constants ci, c 2 > 0 such that 

cie 3/2 < p( C) < c 2 e 3/2 , p'(C) < c 2 e _1 , /'(C) < c 2 e _1 , 

4(C) < c 2 e~Y d' 3 (C) < c 2 e -2 , (5.19) 

for all C £ T. Moreover, since 

An(C,AT) = e^ fk ° log(1 -l r < s )l 2 )fff& rfs 5 (5.20) 

we obtain the estimates 

cie < |1 - An(C, K{)\ < c 2 e, cie -1 < |<4A n (C, Ki)\ < c 2 e _1 , (Gl, 
which show that 


a 

at 


log An(C, Ki) 


y fixed 


C4A n (C,A/) 


tA 11 (C) Ai) 


< Ce _1 t _1 = O^t” 1 ) (5.21) 
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as t —y oo. Using the estimates (|5.19|) and (|5.21|) together with the identities 

d( 

y fixed 


at 


C ,, +dd 2 6k 0 

= -T and d 2 + t^r- = -- 

t dt 1 + 4/cq 


equation (5.18) yields 
di 6fco 


u(x,t ) = 


1 + 4&S 


Re ^/e^t-^logt+da)^ + 0 (er r -> oo, C G X. 

(5.22) 


Since S = we find = + °( eT ^ a )' Using that —Up-(1 + (#) 2 ) = 1, 


dy 

we conclude that 


l+4ki 


dt 


di 


u-u xx + 1 = 1 + ^6fc 0 Re (i/ e *(^t-^iogt+d 3 ) 
Vt 


l + ct 


+ 0(er 2“). (5.23) 


Substituting (5.16) and (5.23) into the relation q 3 = u — u xx + 1, the terms of 0(t 1 / 2 ) 
yield 

(6~k 0 i(F 3 - Ji) - 37s) - (6fc 0 *(^3 - ^ 2 ) - 3^3)e iargf(_fc o) +iarsr(fc o) = 0, 
that is, 

g«argr(—fco)+*argr(fco) _ 6fcoi(J~3 -^~l) ~~ 3J~3 _ 1 — idkp 

6koi(tF 3 - tF 2 ) - 3F 3 — 1 


■ CJ 


(5.24) 


Using (5.24) and the identity 


- 1 — Ulk% 2\^3ko J 4fcg + 3 — j arctan 

J -3 — J~ 3 - °- V - V 1 - fc " / 


ky — UJ 


4^ + 1 


in (5.16), we find 


where 


ci(C) = 


q{x, t) = 1 + cos (c 2 (C)i - KC) log (t) + c 3 (C)) + 0(er ), 

r —y 00 , C e 1ZT, 

48fcn 


(5.25) 


l-^o (3 + £k%)(l + 4k%)v 

1 + V 3fco — 4^3 


02 (C) = 


(l + 4^) 2 ’ 


03(C) = d 3 — argr(feo) — arctan ^\/3 

7T / 1 _|_ fc2\ 

= 4 - Xo(C) + ulogy + argr(iiz) - argr(/c 0 ) - arctan ^^ 3 ^ _ j. 


1 + fe 0 

1 - 


Similarly, using (5.24) in (5.22), we find 


u(x, t ) = 


6&odi 


(1 + 4^)Vt 

+ 0(er-^). 
In view of the identity 


F 3 -F\- [T 3 - T 2 ) 


Re ( i[ F 3 — F\ ~ {F 3 — -^ 2 ) 


1 — uk. 


fcg — a; 


11 | e i( rf 2i-^lnt+(i3-argr(fco)) 


1 — w/Cq ^V3\J^k^ + 3 _j arc tan (v^jhtfo) 


&Q — U) 


4^2 + 1 
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this yields 

u(x, t ) = 


3ci(C) 


(l + 4fcjj(C))\/i 


cos (c 2 (£)t - 00 log* + c 3 (C)) + 0( 
T ^ OO, £ G X, 


1+q . 

er 2 ), 


(5.26) 


uniformly with respect to ( £l. 

Step 6: Replace £ with £. In the last step of the proof, we show that, up to a 
phase shift, £ = y/t can be replaced with £ = x/t in the asymptotic formulas (5.25) 
and (5.26) without affecting the error term. For clarity, we reinsert the dependence on 
£ of the functions A^o(C)? &o(C)> and e (0- 
By (5.15), (5.16), and ( 5. 17| ) , we have 

y-x = — log An(£, K\) + u 0 + 0(e(C) r 1/2 )- 


Hence 


c(C) 


£-£ = — +0{e(C)t V 2 ) = 0((3 — £) 2 t ) = O((3-0 2 t ), r -A- oo. 

3 

The asymptotic sector {£ 6l,r-> oo} is equivalent to {£ G X, t(3 — £) 2 —> oo} and 

3 

hence also to {£ G X, t(3 — 0 2 —>• oo}. If a E M and s(£) is a smooth function such 
that |s'(0| < (7(3 — 0" for all £ G X, then 

< <7|(3-0 Q+1 - (3-£) a+1 | 


|5(0-<7(C)| = 


g'(y)dy 


-i 


< <7|£ - C| max {(3 - £)“, (3 - 0“} < C |£ -£1(3- 0 
= 0((3 — 0 Q+ 2 t _1 ), t —» oo, £ G X. 

The estimates 

10(01 < 0(3 - 0-5, |0(£)| < (7(3 - £)*, 14(01 < (7(3 - 0 

KOI < 0(3 - 0-3, |e'(0| < <7(3 - 0-1, 10(01 < (7(3 - £)"§, 

therefore imply 

|ci(0 - ci(£)| = 0((3 - 0-3t _1 ), |c 2 (0 - 0,(01 = 0(( 3 - Of 1 ), 

|c 3 (0 -c 3 (0| = O((3-0-5t _1 ), |00 - 0£)| = 0(4), 

|e(0-e(£)| = O(4), |0(0-0(£)| = 0(4), r -A oo, £ G X. (5.27) 

On the other hand, the identity 


and the estimate 
imply 


0(0 = p= -20(0, Cex, 

dk o/ ako 

|0(£)| <0(3 -0-2, £ G X, 


c 2 (0 - c 2 (0 = —20(0(£ - 0 + 0((3 - 0- 2 (£ - 0 2 ) 


Since 


x(ct) = 0 £" log ( 


= 20(04 log A n (£, Ki) + 0((3 - 00" 2 ). 

1 — |r(s)| 2 


1 


1 


1 


+ 


1 — \r(ko)\ 2 J \s — k s + k s — k 1 s + k 


-l 


(5.28) 

ds, 
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we see that xo(£) can be expressed as in (5.3). Employing equations (5.20), (5.27), 


and (5.28), the asymptotic formulas (5.1) and (5.2) follow from (5.25) and (5.26), 


respectively. 


Remark 5.3. Substituting the asymptotic formula (5.2) for u(x,t ) into (1.1), we can 
verify explicitly that the DP equation is satisfied to leading order in the similarity 


1+a 

2 


region. Indeed, by (5.2), the nonlinear terms in (1.1) are easily seen to be of order 
0(er~ 


) as t —y oo, whereas the linear terms satisfy 


1+a , 


(u - u xx ) t + 3 u x = 0(er 2 ) 


as a consequence of the identity 


62 “ 

dC 


‘+'f 


di 


Remark 5.4. The main contributions to the asymptotic formula (5.2) come from the 
critical points co^k^ 1 located on the lines uPR, j = 0,1,2, only. On the other hand, 
the same is true for the asymptotics of the solution of the whole line problem [3]. 
Therefore, the structure of the asymptotics for the whole line and half-line problems 
is the same, the only difference being in the determination of r(k ) which, in turn, 
determines v (ho in the notation of [3]). 

Following [4j, these contributions can be determined by parametrizing the neighbor¬ 
hood of k = ko using the rescaled spectral parameter z = ^^(k — ko), where (recall 
that $(C,fc) = F(k(k ))) 

< / ) new(C) %) — F(k 0 T 


Pnew 


Pnew = -ie 2 F"(ko) = e\ 


I 48/c 0 (3 — 4fcg) 


(1 + 4 ~kl? ’ 

and we denote quantities defined using this rescaled spectral parameter by the subscript 


new. It follows that (4.7) and (4.8) are satisfied with 


,2l 


jd new//- j. — &($ s uk)&{^£) 2 k} r(k) ^~2iu{Q 

+C,D 2 1 —rlk)r(k) 


pnew/"/- x _ r { K ) 

3 ) 1 5(C,wfc)5(C,w 2 fc) i- r (k)r(k) 

Rl ew (C,t,z) = 5(C ^%f 2fc) K%~ 2MC) 


— r(k)r(k) 

r ( k ) 7 2iv{Q 


where k and z are related by k = ko + +—. Hence 

Pnew 


pnew _ p 

i— il| 


ko + k 

ko + k 0 1 


_1 \ 2 iv 


and so g new = q. The proof of Theorem |4. 1 1 proceeds in the same way as before except 


that equation (4.37) is replaced with 


m 0 (C,t,k) 1 =CD((,t)m x [ q(() 
B(C,t) 




-1 


(k-ko)) D(C,t)~ L C 


= / + 


\/T new (fc ko) 


+ 0(t i ), T n 


00 , Cel, \k — ko\ = e. (5.29) 
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Hence, the contribution from the critical point at ko to Kf) is 

J_ f /l(C,t,fc)(mo(C,t,fc)~ 1 - I)dk 

2 m J\k-k 0 \=e k - Ii\ 

= 1 f - I)dk | 1 r 

2iri J\k—ko\=e k 2iri J\k—ko\=e. 


1 


k — K\ 


(KC,t,k) - I)(m 0 {(,t,k) - I)dk 


k - K i 


dk 


2 t * J\k-k 0 \=e y/T new (k — ko) k I\\ 

+ 0 (er ne w) + 0(11 A - -f|lL3(f)ll m 0 1 “ ^llL 3 / 2 (|fc_fc 0 | =e )) 
1 B((,t) f 2dk 

2iri yr new J\k—ko\=e (j: ~ ~ (k — ko))(k — Kf) 

2 B(C,t) 


+ 0(er new 2 ) 


\/Tnew(^ 2 + 1 ) ^0 


+ 0(er new 2 ). 


(5.30) 


This leads to the same formula for the asymptotics of u(x,t) as above because ^(1 + 


*h )Pnew — P- 

Taking into account the correspondence of notations {y, ko, and fco in the current 
paper correspond to ho, ko, and p o in [T], respectively), formulas (5.2) and (5.3) actually 
correct the coefficients c\ and C 4 in the corresponding asymptotic formula (4.1) in [T|, 
where the contribution of the critical points to m(K 1 ) was treated incorrectly. 


Appendix A. L p -Riemann-Hilbert problems 


Since the jump contour for the RH problem associated with equation (1.1) on the 
half-line has nontransversal intersection points (see Figure [I]), special care has to be 
taken when defining the notion of an L P -RH problem. We will follow |T 6 ] where a 
theory of L P -RH problems with jumps across Carleson contours is developed using 
generalized Smirnoff classes. 

Let J denote the collection of all subsets T of the Riemann sphere C = C U { 00 } 
such that r is homeomorphic to the unit circle and 

|T n D(z, r)| 


sup sup■ 

zernc r>o 


< 00 , 


(A.l) 


where D(z,r) denotes the disk of radius r centered at 2 . Curves satisfying (A.l) 
are called Carleson curves ; all contours considered in this paper are Carleson. Let 
p E [1, 00 ). If D is the bounded component of C \ Y where T e J and 00 ^ T, then a 
function / analytic in D belongs to the Smirnoff class E P (D ) if there exists a sequence 
of rectifiable Jordan curves {Cnlf 3 in D, tending to the boundary in the sense that 
C n eventually surrounds each compact subdomain of D, such that 


SU P [ \f(z)\ p \dz\ < 00 . (A.2) 

n> 1 J C n 

If D is a subset of C bounded by an arbitrary curve in J , E P (D ) is defined as the set 
of functions / analytic in D for which / o y ? -1 £ E p {(p(D)), where p(z) = and Zo 
is any point in C \ D. The subspace of E P {D) consisting of all functions / £ E P (D ) 
such that zf(z) £ E P (D) is denoted by E P (D). If D = D\ U ■ ■ ■ U D n is the union of a 
finite number of disjoint subsets of C each of which is bounded by a curve in J, then 
E P (D) and E P (D) denote the set of functions / analytic in D such that f\u j £ E p (Dj) 
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and / \q E E p (Dj) for each j, respectively. We define E°°{D) as the space of bounded 
analytic functions on D. 

A Carleson jump contour is a connected subset T of C such that: 

(o) r n C is the union of finitely many oriented arc^] each pair of which have at most 
endpoints in common. 

( b ) C \ r is the union of two disjoint open sets D+ and D- each of which has a finite 
number of simply connected components in C. 

(c) r is the positively oriented boundary of D + and the negatively oriented boundary 
of L>_, i.e. T = dD + = -&D_. 

(d) If {Dj}i and { DJ are the components of D + and Z?_, then dDf E J for 
j = 1,..., n, and dDj E J for j = 1,..., m. 

We henceforth make the following assumptions: (a) p E (l,oo) and n > 1 is an 
integer, (b) F = dD + = —d D_ is a Carleson jump contour, and (c) v : T —> GL(n, C) 
is an n x n-matrix valued function. We define L p { T) as the set of all measurable 
functions on T such that |z — z$\ pfi(z) E L P (F) for some (and hence all) zq E C \ T. 
If / E E P (D+) or / E E P (D-), the nontangential limits of f(z) as z approaches the 
boundary exist a.e. on T and the boundary function belongs to L P (F). Let D = 
D + U D-. A solution of the L P -RH problem determined by (r, v) is an n x n-matrix 
valued function m E / + E P {D) such that the nontangential boundary values rn± 
satisfy m + = m-V a.e. on T. 

Lemma A.l (Uniqueness). Suppose 1 < n < p and detu = 1 a.e. on T. If the 
solution of the L P -RH problem determined by (r, u) exists, then it is unique and has 
unit determinant. 


If h E L p (T), then the Cauchy transform Ch defined by 

(Ch)(z) = — [ ^^ds, zEC\r, (A.3) 

2m J T s — z 

satisfies Ch E E P {D). We denote the nontangential boundary values of Ch from the left 
and right sides of F by C + h and C-h respectively. We henceforth fix a point zq E C \ F 
and turn L P (F) into a Banach space with the norm 


\\ h hp(r) := HI ' “^ol 1 p h\\ LP (Y)- (A.4) 

Then C_)_ and C_ are bounded operators on L P (F) and C_|_ — C_ = I. Given a function 
w E LP(r)nL°°(r), we define^ : L P (F) + L°°(F) -A L P (F) by C w (h) =C-(hw). Then 

ll^'“lljB(ip(r)) — C < ll u; llL oo (r)- (A.5) 

where C := \\C- ||g(ip( r )) < 00 an d B(L P (F)) denotes the space of bounded linear 
operators on L P (F). 


Lemma A. 2 . Suppose w := v — I E L P (F) n L°°(r). If m E I + E P (D) satisfies the 
L P -RH problem determined by (T, v), then p = E / + L P (F ) satisfies 


p — I = C w (p) in L P (F). 


(A- 6 ) 


Conversely, if p E I + L P (F) satisfies (A. 6), then m 
the L P -RH problem determined by (T, v). 


I + C{pw) E I + E P (D) satisfies 


subset r C C is an arc if it is homeomorphic to a connected subset of the real line which contains 
at least two distinct points. 
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Lemma A.3. Let D be a subset of C bounded by a curve T G J and let f : D -A C be 
an analytic function. If there exist curves {C^lf 0 C J in D, tending to T in the sense 
that C n eventually surrounds each compact subset of D C C, such that 

sup / \z - z 0 \ p ~ 2 \f{z)\ p \dz\ < oo, (A.7) 

n> 1 J Cn 

then f G E P (D). 

Lemma A. 4 (Contour deformation). Let 7 G 77 . Suppose that, reversing the orienta¬ 
tion on a subcontour if necessary, T = T U 7 is a Carleson jump contour. Let B + and 
B- be the two components ofC\j. Let D± be the open sets such that C\T = D+UD_ 
and dD + = —dD- = F. Let D = D + UD_. Let 7+ and 7_ be the parts of 7 that belong 
to the boundary of D + n B + and D- n B + , respectively. Suppose v : T —> GL(n,C). 
Suppose mo : D n B + -A GL(n, C) satisfies 

m 0 , mo 1 G / + E p (D n B+) n E°°{D n B+). (A. 8 ) 


Define v : f ^ GL(n, C) by 


mo-vm o ^ 1 

on 

rnB + 

m ol 

on 

7+) 

m 0 _ 

on 

i-i 

V 

on 

rnB. 


Let m and rh be related by 


m = 


mm n 


m 


-1 


on DnB + , 
on DnB_. 


(A.9) 


Then m(z ) satisfies the L v -RHproblem determined by (r, v) if and only ifrh(z) satisfies 
the L P -RH problem determined by (f 1 , v). 

Proofs of the above statements can be found in [LlSJ • We will also need the following 
uniqueness result for row vector solutions. 


Lemma A.5. Suppose 1 < n < p and detu = 1 a.e. on T. Suppose the L P -RH 
problem determined by (r, v) has a unique solution m. If n is a row vector solution 
of the L P -RH problem determined by (r, v) in the sense that n G (1,1,..., 1) + E P (D) 
and n + = n_u a.e. on T, then n = (1,1 ,..., l)m. 


Proof. Let m denote the n x n-matrix valued function obtained from m by replacing 
the first row with the row vector n. Then the n x n-matrix valued function m G 


I + E P (D) defined by 


m = 


/1 -1 
0 1 

^0 0 


- 1 \ 
0 


m 


satisfies the L P -RH problem determined by (r,u). Hence rh 
Consequently, n = (1,1,..., l)m = (1,1,..., l)m. 


m by Lemma A.l 


□ 
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Figure 8. The contour X = X\ U • • • U X 4 . 


Appendix B. The solution on a cross 
Consider the cross X = X\ U • • • U X4 C C where 

X\ = \ ue 4 [0<tt<oo), X2 = \ ue i |0<ti<cx)), 

s _ 3x7T 1 \ s _ ITT | \ 

A '3 = | ue~— | 0 < u < 00 ), X4 = jue - ^ 0 < u < 00 ), 


(B.l) 


and X is oriented as in Figure [ 8 j Let DcC denote the open unit disk and define the 
function u : D — > (0, 00 ) by u(q) = —X log(l — |(?| 2 ). We consider the following family 
of L 3 -RH problems parametrized by q £ D: 


m x (q,-) £ I + E 3 (C\X), 

m+(q,z ) = m x (q,z)v x (q,z) for a.e. z £ X, 


where the jump matrix v x (q,z) is defined 


v (q,z) = < 


/ 


1 


0 0 > 


qz 

\ 

f 

0 

0 


-2iu(q) e z -f- 1 q 


0 




0 1, 

y 2iv(q )p 2 ~ 


0 


V 

(l qz 2 l Xl) e ~' 

0 1 

\0 0 


0 
0 
1 

0 0 
1 0 
0 1 


Z £ X lt 


z £ X 2 , 


z £ X3, 


z £ A4. 


(B.2) 


^Throughout the paper, complex powers and logarithms are defined using the principal branch: If 
z,a £ C and z ^ 0, then logz := log |js| + iArgz and z a := e alogz , where Argz € (—7r, 7r] denotes the 
principal value of arg z. 
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Theorem B.l. The L 3 -RH 
gGD. This solution satisfies 


problem ( B.2) has a unique solution m x (q,z ) for each 


m x (q, z) = I + 


i 

z 



-fi X (q) 0 \ 
0 0 

0 0 / 



z -A oo, g e O, (B.3) 


where the error term is uniform with respect to arg z G [0, 2i r] and q in compact subsets 
of D, and the function fi x (q) is defined by 

fi X (q) = v /^) e i (f- ar g9+a r g r M<?)) ) ?e D. (B.4) 


Moreover, m x (q, •) G E °°(C \ X). 
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